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The wave functions, the autocorrelation functions of which decay faster 
than for both the one- dimensional free particle system and the repulsive- 
potential system are examined. It is then shown that such wave functions 
constitute a dense subset of L^(R^), under several conditions that are partic- 
ularly satisfied by the square barrier potential system. It implies that the faster 
than t~^-deca.y character of the autocorrelation function persists against the 
' perturbation of potential. It is also seen that the denseness of the above subset 

' is guaranteed by that of the domain of the Aharonov-Bohm time operator. 
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I. INTRODUCTION 



The time operator T is usually defined as an operator that satisfies the canonical commu- 
' tation relation (CCR) with the Hamiltonian H for the system considered 

> ' 

m. [T,H]^t. (1) 

m ■ 

I This operator has been widely studied in the attempt of deriving the time-energy uncertainty 

relation within the framework of quantum mechanics (see Ref. 1 and the references therein) , 
and of prescribing the time-of-arrival in the quantum theory. For the latter, see a detailed 
review witten by Muga and Leavens.B In the efforts to solve these probiems, a criticism 
by PauliB against the existence of the time operator has been reexaminedflia Furthermore, 
there is a possibility that the investigation of the time operator may reveal its connection 
to the quantum dynamics. This is expected firstly from the definition of the time operator 
itself, i.e. the CCR (|lb|, which is algebraically so strong that their operator characters 
■ are mutually restricted^ We have a possibility to obtain the information of the quantum 

^ I dynamics through a study of the time operator. In this context, the investigation of the 

time operator is focused on the commutator (not necessarily canonical). In particular, it 
should be remembered that the connection between the commutator of the form [H, iA] — C 
(C > 0) and the spectral property of self-adjoint operators, H, A and C, has been widely 
' studied—by PutnamEl and KatoJS and applied to the Schrodinger operators by Lavinecl and 

^ \ others.EJ Another implication is seen in a statement about the ergodic theory in classical 

mechanics, which can be formulated in terms of the Liouville operator L. It states that, for 
a classical system to be X-flow, there necessarily exists a self-adjoiHjt-pperator Q satisfying 
the CCR with the absolutely continuous part of i: [Q,L\ ~ i.tilll3 Since L and H are 
mathematically equivalent in the role of the generator of time evolution, we may have such 
a statement in quantum mechanics although this expectation has to remain in a naive sense. 

In order to examine this possibility, a symmetric operator T is introduced in Ref. 6 on a 
Hilbert space Ti. It satisfies the following operator relation with the Hamiltonian operator 
H on T-L: 

Te-''" = e-''"{T + t) (2) 
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for all t e Ri. Then the CCR (0) holds on the domain Bom{TH) n Bom{HT), and so this 
operator is called the time operator. Mathematically there is no reason why we must restrict 
the relation (||) to the case of the time operator and the Hamiltonian. Actually this relation 
was investigated in detail by Schmiidgen, who showed that the above T and H are unitary 
equivalent to the monieiitum operator satisfying some boundary condition and the position 
operator, respectively.L3 In the case of the time operator, the Aharonov-Bohm time operator 
TofJ (more precisely, its symmetric extension defined later) and the free Hamiltonian Hq 
for the one-dimensional free-particle system (IDFPS) satisfy the above relation (||). They 
are defined as, 



-AQP- 



P-'Q), Ho := P2 



(3) 



where the domain of Tq is defined as Dom(To) := Dom{QP-^) n Dom(P~iQ) C L^(R^). 
The operators P and P~^ are the momentum operator on L^(R^) and its inverse, where P 
is defined as P := —iDx, being a differential opeartor on L^(R^). Note that P^^ is self- 
adjoint for P is an injection. The position operator Q on L^(R^) is defined as an opjecator 
of multiplication by x. Then it is known that Tq is a symmetric operator on L^(R^).Erl3 For 
the later convenience, we here introduce a symmetric extension of To, denoted by Tq, which 
is defined in the momentum representation: 



Dom(To) := < 



V^e AC(Ri\{0}), lim 



Rl\{o} 



""o|/fc|i/2 
and 

dij(k)/k ld^{k) 
dk k dk 



0, 



dk < 



(4) 



^ 1 (^^mUl + 1 , a.e. k e Ri\{0}, ^ G Dom(To) (5) 

where for any ip S L^(R^) the symbol -0 denotes Fip, F being the Fourier transform from 
L^(R^) to _L^(Rj.). One can see that the operators Tq and Hq satisfy the relation i.e. 

TQe"'*"" =e"''"°{fQ + t) (6) 

for all t G R^. Here our interest is in the connection between the time operator and the 
quantum dynamics. Actually, for every Tp G Dom(r) and for every t G R^\{0}, an inequality 

was recently proved in Ref. 6 from the relation (||). Here (AT)^ := |1(T— {i/j,Tip))i/j\\ is the 

standard deviation of T in the state ipi and | ("0, e"**^"!/)) |^ is the survival probability at time 
t in the initial state ip. We call the latter the autocorrelation function of the initial state 
ip for the system considered. This quantity | ^i/j, e"'*^"!/)) | is considered as an indicator of 
the overlap of the state e~**-^V at time t with the initial state tp, and thus, the name, the 
autocorrelation function, is here appropriate. The inequality (Q) is very important because 
the inequality directly connects the familiar quantity, the autocorrelation function and the 
not-familiar one, (AT)^. It should be noticed that there are many attempts to relate the 
time-energy uncertainty relation to the autocorrelation function (see e.g. Refs. 15, 16, and 
17 ). We can easily see from the inequality that 2^/2 (AT)^ gives an upper bound 

of the half-time Th{ip) '■= sup > I \{ip,e-'*"^p)\^ = 1/2}. Since the above inequality 
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originates only from the algebraic relation (H), we can also obtain, for the operators Tq and 
Ho, 



|(V,e-*^»f< ^ 1^ (8) 

for all tp E Dom(ro) and for all t E R^\{0}. It is interesting to ask how the inequality 
(H) characterizes the decay-dynamics of the autocorrelation function for the IDFPS. With 
respect to this question, we first see that 

V'eDom(ro) =^ 3C> 0,Vt e Ri\{0}, |(?A,e-'*^°V)| < ^, (9) 

however the converse does not hold. We can easily find a counter example for the latter. 
Consider the wave function Vi(fc) = (4/7r)i/4fce-'='/2 (= L2(R1). Then one can see that 
decays like \t\^^, however ipi ^ Dom(ro) from the definition (^. Note 

that in spite of this example, Dom(To) is dense in L^(R^). 

Our aim in the present paper is to answer the question about what the faster than t^^- 
decay property of the autocorrelation function as in (|^) implies to the quantum dynamics, 
and to clarify the role played by the time operator or its domain in this respect. To this end, 
we attempt to consider two one-dimensional systems, i.e. a system of a free particle and 
another system of a particle with a repulsive potential, described by the Hamiltonian Hi. 
In particular, we focus on the square-integrable wave functions, autocorrelation functions 
of which decay faster than t~'^ for both of the two systems. Then it shall be found, under 
the several conditions on the eigenfunctions of Hi , that the subset of such square-integrable 
wave functions, denoted by G{Ho, 2) fl C(iJi, 2), is dense in L^(R^). The denseness of such 
a subset implies that the faster than t~^-decay character of the autocorrelation function is 
persistent against the perturbation of potentials, among which the square barrier potential 
is shown to be included. These statements are our main results where given in Sec. |l|.JWe 
will also see that the subset C(iJo,2) n C(i?i,2) includes the dense subspace of Dom(ro), 
and thus the denseness of C{Ho, 2) fl C{Hi,2) is guaranteed by that of Dom(To). 

In the next section, we mention the motivation to consider the two systems, as an approach 
to the examination of the inequality (|7). The definitions of the sets C(H i, 2) {i — 0, 1) are 
also given there. Our results mentioned above are referred to as Theorem |3.3| and Theorem 
3.4 in Sec. Ill, where the latter theorem is applied to th e sq uare barrier potential system. 
In order to prove these theorems, we also put Proposition 3A that is proved in Sec. 0, after 



its preparation in Sec. |v| . In Sec. IV, the wave operator, the eigenfunction expansions, and 
the one-dimensional Lippmann-Schwinger equation are introduced. The concluding remarks 
are given in Sec. In the Appendix, the eigenfunctions for the system of square barrier 



potential are shown to satisfy the conditions needed in applying Theorem 3.4 



II. INTERSECTION C{Ho,2) n C(//i, 2) 

In this section, we mention the reason for considering the two systems, i.e. a system of a 
free particle and another system of a particle with a repulsive potential. We first introduce 
the time operators for systems with the repulsive potentials V{x) : 

< < const. < oo, V E L^R^). (10) 

Then, it follows from Putnam's resultsEl in the theory of Schrodinger operators, that for 
any potential V{x) satisfying (^0|), the Hamiltonian for the potential system defined by 
Hi := Hq + V is a. self-adjoint operator on i^(R^) and the wave operators W± defined by 
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W± := s- lim e'*"^e-'*"° (11) 

t — *±oo 

exist and are unitary operators on i^(R^). Here "s-" stands for strong limit. Furthermore 
they satisfy 

Hi = W±HqW^. (12) 

The time operators T± for the potential system with the potential V{x) satisfying are 
constructed along the similar relation to the aboveH 

Ti,± -.^ W±%Wl, (13) 

where Dom{Ti ±) = M^-i-Dom(ro)- K should be noted that the construction of the time 
opjesator for the potential system in the above sense has been alreadyj^roposed by Leon pt 
al.Ej Several properties of such time operators were revealed by themlla and Baute et al.c2l 
Remembering that Tn and Hq satisfy the relation and unitarily transforming (^) by W± 
through ( |l^) and (|l^), we have 

Ti^±e-"^i - e^'*"' (Ti.i + <), Vt G (14) 

Thus Ti^± is just regarded as the time operators for the repulsive potential system specified 
by (|l^). We also remember that the inequality (|^) are derived only from the algebraic 
relation (||), so that 

|(V',e-'*«^^)|' < ^ g Dom(ri,±), Vt G ll\{0} (15) 

must hold. It is important to notice that the inequalities (|l^) mean the existence of a dense 
subset of L'^(R}), for each of the potential systems, that is composed by the wave functions 
where autocorrelation functions decay faster than t~'^. 

In order to get rid of the restriction of the faster than t~^-decay dynamics to the domain 
of the time operator as in let us introduce a subset of L^(R^), denoted by C(i?, n), 
that is defined, for an arbitrary self-adjoint operator H on L^(R^) and a non-negative real 
number n, as 

C(i?,n):=|veL'(Ri) 3C> 0, Vi G R^ \ {0}, | (V, 6"^*^^) f < | ■ (16) 
Clearly we have 

Dom(5|;) C C(i/o, 2) C L\K^), (17) 

and 

Dom(ri,±) C C(ffi,2) C L2(R1). (18) 

Here it should be noticed that C(iJo,2) ^ i^(R^), since, e. g., a Gaussian wave packet 
ipo{k) = (7r)~^/**e~'^^/^ G L^(R^), has its autocorrelation function decaying like \t\~^. We 
also see that Dom(To) ^ C{Ho, 2) for the relation (^. 

Now we attempt to combine the relations (^^ and (|l8|), i.e. 

Dom(5i;) n Dom(Ti,±) C C{Ho, 2) n C(iJi, 2) C ^^(R^). (19) 

One can find that C{Ho, 2) n C(iJi, 2) has an interesting character, that is, if an initial state 
belongs to C{Hq, 2) n C{Hi, 2), then its autocorrelation function must decay faster than t~'^, 
irrespectively of the presence of potential. One may have a question whether such a state 
can exist. In fact, the intersection is not necessarily dense in L^(R^), though C{Hq,2) and 
C(iJi,2) are respectively dense in L^(R^). The primary motivation for the present paper 
is to answer this question and the latter can bring us a further understanding of the faster 
than i~^-decay dynamics. In the following sections, it will be seen that C{Ho, 2) n C{Hi, 2) 
is possible to be dense in L^(R^), under the several conditions. 
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III. DENSENESS OF C(f/'o, 2) n 0(7^1, 2) 



Consider one-dimensional systems with the potential of the class: 
36 >2,3c> 0,Va; € R\ \V{x)\ < 



il + \x\r 



(20) 



The Hamiltonian for the potential system, denoted by Hi, is then defined by Hi := Hq + V 
on L^(R^), where Mp is the free Hamiltonian on _L^(R^). For such potentials, Hi has no 
positive eigenvalue^ We also see that the above potential is an Agmon potential and thus 
Hi has no singular continuous spectrum. E3 Our proof of the denseness of G{Hq, 2)nC(ifi, 2) 
is based on seeking an explicit example of the subspace which guarantees the denseness of 
C{Hq, 2) n G{Hi, 2). The next proposition provides us with such a subspace. 

Proposition 3.1 : Consider a potential system with a Hamiltonian Hi := Hq + V on 
L'^(R^) and suppose that the potential V{x) is in the class specified by In addition, 

assume that, for each x € I (:= suppy(a;)) fixed, the eigenfunctions of Hi denoted by 
(f± (x, k) in ( |3^ J in Sec. IV belong to (R^ \ {0}), and satisfy the following three conditions: 



7± := sup \f±{x, k)\ < oo, 

a;eI,fe6R^\{0} 



(21) 



6± :— sup 

£cei,fceRi\{o} 



ip±{x,k) 



< oo, 



(22) 



la,± ■= sup 

xei,fceR},\{o} 



dip±{x, k) 



dk 



< oo, 



(23) 



where I := suppy(a;). Then for any %}j G Dom(To) n 5(R^) there is some constant C > 
suci that 



\{PUHi)^.e-''"'PUHM)\ < 

for aU t {0}, that is 

P,,{Hi){T)om{To)nS(Ii')) C C(ffi,2). 



(24) 



(25) 



In the above statement, iS(R^) denotes the subspace of rapidly decreasing functions, and 
Piic{Hi) the projection operator associated with the absolutely continuous subspace of Hi 
(e.g. see Refs. 23 and 24 ). Use of the projection Pac(-ffi) in the statement comes from the 
possibility of the existence of bound states of the Hamiltonian Hi , depending on the potential 



in the class (|2C|). Proposition 3.1 is applicable to the system with such a Hamiltonian. Here 
we remark that the above conditions (|l]) and (^) ensure the existence of the following 
functions <&±(fc): 



satisfying 



$±/|fc| e i^(R^), and VfceRi\{0}, sup|(p±(x,A:)| <$±(fc). 



(27) 
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It should be noticed that under the condition (po|), 

C(7Ii,2)cPac(i/i)i'(R') (28) 

holds. This follows from the next lemma. Before proving it, let us remember the results 
from the theory of Schrodinger operators (e.g. see Refs. 23 and 24 ): Suppose that H is a. 
self-adjoint operator on a certain Hilbert space, and define the three subspaces as Ti.pp{H) := 
{ij en\ \\E{-)iIj\\^ is pure point }, HadH) {ip e H \ \\E{-)i)\\^ is absolutely cotinuous } 
and 7^sing(iy) := {i^ e H \ ||£'(-)'0lP is cotinuous singular}, where {E{B) \ B e B^} is the 
spectral measure of H and is the Borel sets of R^. Then these subspaces are closed 
and orthogonally decompose i.e. H. = Hpp{H) © HadH) ® Hsing{H). Furthermore, 
defining the projection operators Ppp{H), P^^dH), and PeingiH), associated with the closed 
subspaces Ti.pp{H), Tie^dH), and TlsingiH), respectively, then these projection operators and 
the spectral measure E{B) are mutually commutable. 

Lemma 3.2 Suppose that Ti is a Hilbert space and H is a self-adjoint operator on Ti, 
then G{H) C PdH)n, where 

C{H) := l^.eW 3C>0,3n>0,V<eRi\{0},|(^,e-**^^)|' < } . 

and PdH) := P^H) + P.i„g(i/). 

Proof : For notational simplicity, we abbreviate PcV' to ipc, and Ppptp to "tppp, for all 
ip e n. Then, by the virtue of E{B)Pc = PcE{B) and E{B)Ppp = PppE{B), we have 
(V", e~**'^V) = ("00, e~'*^-0c) + l^ppp, e~^*^ ippp) ^ and the following inequality 



< 2 



Let us now consider a particular t/j G C(i?) (-0 7^ 0). From the definition of C{H), we can 
define for this ■0 a continuous function G(t) of t e : 

satisfying | (0, e-**^V) | < G(i),Vt E R^\{0}. Then we have 

|(0pp,e-*^V'pp)r < 2 {Gitf + |(0c,e-^*^Ve)r) ■ 

Integrate both sides of this inequality on [0,T] (T > 0) and divide them by T. First, we 
easily see 

lim ^ / Gitfdt = . 



[O.T] 



Secondly notice that ||£'(-)'!/'c|P is finite and continuous, that is, ||i?(R-^)'0c|| = ||V-'c|| < 00 
and ||i?(A)0c|P =r-Q for any countable set A S B\ since ipc S PdH)Ti.. Then by using 
Wiener's theorem,Ea we see 

lim i / |(0e,e-'*^Vc)rrfi = O. 



Thus, we obtain 



[0,T] 
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Furthermore we have 



0= hm i / |(Vpp,e-'*^?/.pp)|^di 



[0,T] 

d (V'pp, £^(A)V'pp) d {ijjpp, E{n)il;pp) 

= ^ ii£;({A})^ppr > m{xwpp\\\ 

A6R1 \eA 

where A is any countable set in B^. Thus V'pp must belong to Pc{H)Ti. This implies that 
-PppV" = V'pp = 0, i.e. ■0 = -f'cV'i G C{H), and the proof is completed. □ 

Now the relation (|28| ) is understood from the following argument. From the definition 
of C(i?i,2) in @ and the above lemma, we have C{Hi,2) C Pc{Hi)L'^{R^). On the 
other hand, as stated just after (po|), the Hamiltonian Hi defined in Proposition |3.l| h as no 
continuous singular spectrum, i.e. Psing(^i) = 0; E^nd thus we obtain the relation (p8[). 

From the relations (E5[) and (Cq), we have 



Pac(i?i)(Dom(To) n5(Ri)) C C(iJi,2) C Pac(-ffi)i'(R'). (29) 

Then we see that above subsets are densely connected to each other, because Dom(To) fl 
5(R"'^) is dense in L^(R^). The latter follows from the existence of the dense subspace F~^Ci 
satisfying F~^Ci C Dom(To) n 5(R^), where Ci is defined in the momentum space as 



■■ ^^^^eC^{^Rl) 3(5> 0,Vfce {-S,5),ij(k) = o} 



As a summary, we have from the relations (17) and 



Theorem 3.3 : If the conditions in Proposition \3.l\ are satisfied, then Pa,c{Hi)C{Ho, 2)0 
C{Hi,2) is dense in Pac(i?i)i^(R^). 

Disregarding the singular continuous part of Hi, Pi^ciHi)L^(R-^) is generally considered 
as the subspace spanned by all scattering states of Hi. If we assume that V{x) > 0, i.e. the 
repulsive type, in addition to the potential condition (|2^), then V{x) clearly satisfies the 
condition (p^). In such a case, Hq and Hi is unitary equivalent and thus Hi is (spectrally) 
absolutely continuous, i.e. Pac{Hi) is an identity operator on L^R-'^). This consideration 
leads us to the next theorem, that was announced in Sees. | and ^ 



Theorem 3.4 : If the conditions in Proposition 3A and V{x) > are satisfied, then 
C(i7o, 2) n C{Hi,2) is dense in L^{R^). 



We here mention an application of Proposition 3.1 and Theorem 3.4 to the square barrier 
potential system. 

Example 1 : Consider the square barrier potential system with the potential: 

V(x) - I ^° (1^1 - (30) 
- \ (|x| > a/2) 

where a > and Vq > 0. The Hamiltonian Hi for the system is defined by Hi := Ha + V on 
L^(R^) and is self-adjoint. Clearly V{x) satisfies the condition (|20| ) and V{x) > 0, and thus 
PaciHi) = 1, i.e. Hi has no bound states or point spectrum. As shown explicitly in the 
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Appendix, the eigenfunctions of Hi satisfy the conditions in Proposition p.l^ (|2lj), (^2|), and 
(p^). Thus Proposition 3.1 is apphcable to this system and for any -0 G Dom(To) n 5(R^), 



for any Vb > 0, and for any a > there is some constant C > such that 



C_ 

¥\ 



(31) 



for aU i e Ri \ {0}. In particular C(iJo, 2) n C(i/i, 2) is dense in L^(lV-). 



IV. AUTOCORRELATION FUNCTION FOR POTENTIAL SYSTEMS 



For the preparation of the proof of Proposition 3.1, we shall introduce the wave operator, 
the eigenfunction expansions, and the one-dimensional Lippmann-Schwinger equation. The 
wave operators W± are defined by 



itHi -itHo 



W± := s- lim e""^e 

t — >±oo 

where Hi :— Hq + V with the potential V{x) of the class (|o|), differeixt, from (]To|). Since 
V{x) € L^CR}) n L^CR}), these wave operators exist and are complete.^ However, in this 
case, W± are generally partially-isometric rather than unitary, i.e. 

WIW±^1, W±Wl^ P^ciHi), (32) 

and in particular 

e-''"'W±^W±e-''"°,yteR\ (33) 
Then it follows from the use of (|3^) and (^3|) that 

{P,,{Hi)i;,e-''"'P^{Hi)i^) = {W^i;,e-''"°W^ij) (34) 

for all ip £ _L^(R^). By the use of the eigenfunction expansions, we can explicitly express 
W^ijj in the momentum representation. In particular, for some fixed numbers s and s' 
satisfying 

s + s' ^S, s> 3/2, s' > 1/2, and s' < s, (35) 
we have, without resort to the L^-convergence, 

{Wltp)ik)^ [ ip±ix,k) ijj{x) dx, VV'eL^''(R^), (36) 

where bar (~) stands for complex conjugate. L^'''(R^) is a weighted L^-space that consists 
of all L^-functions ?A satisfying /p^i(l + |a;p)'*|'0(a;)prfa; < oo, and then we have under the 
conditions ( |35| ) the inclusion relation L^'*(R^) C L^(R^). The functions ip±{x^k), defined 
on R^ X R^\{0}, are the eigenfunctions of Hi (more precisely the absolutely continuous part 
of Hi). Under the conditions ( pO| ) and (|35|), (p±{x,k) are guaranteed to be in L^'~'*(R^), 
so that the integral in ( p6[ ) is finite, and satisfy the one-dimensional Lippmann-Schwinger 
equation: They are explicitly given by 

ip±ix, k) = (27r)-i/2g.fcx + ^^(^^ fc)^ (37) 

where 

9±{x, k) := j^^ eT'l^ll--^lT/(y) ^±(2/, k) dy (38) 
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for all X e and all k e R^. \ {0}. The same conditions ensure that Lp±{x,k) are C^- 
functions of x for each k G Rj, \ {0} fixed and satisfy the time-independent Schrodinger 
equation, 



Ix^ + ^i^) ] 'P±ixi k) = fc^(/3±(x, k), 



(39) 



in the sense of distribution. Here we don't prove the eigenfunction expansions stated above, 
however our proof essentially follows the references 27 and 28. By the use of ( p6| ) and (^7|), 
the probability amplitude (p4) is divided into four terms, 



+ ( / g±{y.k) ^{y) dy, e-^'^V 
/ g±iy,k) il^iy) dy 



Ri 



9±{y,k) ip{y) dy,e 



Ri 



9±iy,k) -tpiy) dy ), 



Ri 



(40) 



where ip G i^'''(R^). This expression will be used in the proof of Proposition 3.1, in the 
next section. 



V. PROOF OF PROPOSITION 3.1 



Supposing ^ G Dom(To) n S(R^), one can find the following statement, which is used in 
the proof of Proposition pT| . 

Lemma 5.1 : IftpG 'Dom{To)nS{R^), tien V'(O) = ■^'(0) = in which fik) := d^:{k)/dk. 
In particular, Dom(7j^) n 5(Ri) C Dom(QP-i) n Dom(P-iQ) C Dom(P-2). 

Proof : Let us prove this in the momentum representation. We first note that, for every 
^ G 5(R^), -0 G C°°(R^) and supj.gi^i ip'^k) < oo. It also follows that i/)(0) — because 

of ^/i G Dom(ro) and the definition (|^). Then one can show that for any k G (—1, 1), there 
are some numbers 0o(^) and 6i{k) such that Q < 9f){k) < 1, Q < Oi{k) < 1 and 

^(fc) =V^'(0)fc + i^"((?o(fc)fc)fc', 
V^'(fc) ='0'(O)+?A"(6'i(fc)fc)fc. 

It follows from the above equations that 



V'(fc) + 7V'(fc) 



^?(O)-^?'(0o(fc)fc)+^^"(^^l(fc)fc), 



and thus 



V^'(O) 


< 2 


(ro0)(fc) 


+ 1 sup 


?'(fc) 


k 











This result impHes that V''(0) = 0, because {To^p){k) is integrable on (—1,1) for Tq^/j G 
1/2 (Rj.). Thus the first part of the lemma has been proved. We now easily see that if 
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G Dom(ro) n 5(Ri), then ^ e Dom{iDkk-^) n Dom{k-^iDk) C Dom{k-^). Since iDk = 
FQF^^ and k^^ = FP^^F^^ , this means the latter in the lemma is valid. □ 

One can see from and this lemma that Dom(ro)n5(R^) = Dom(ro)n5(R^). Examples 
of wave functions in Dom(To) niS(R^) include (pnik) := fc^e""'' (a > and integers n > 2) 
which were used in Ref. 1 by Kobe. 



Proof of Proposition 3.1 : In this proof, we suppose e Dom(ro) n 5(R^) as prescribed in 
the conditions in Proposition 3^. Then clearly 5(R^) C L'^'''{'R}) and the expression ( |4C| ) 

is applicable to the proof. Furthermore, since ip S Dom(To), the first term in the right-hand 
side of ( ^0| ) has to decay faster than \t\~^ by virtue of the inequality (H). Therefore, in 
order to prove the proposition, it is sufhcient to show that the remaining three terms in the 
right-hand side of ( ^0| ) decay, at least like \t\~^, or more rapidly. 

We first examine the integral ^■^ig±{v,k) ip{y) dy in ( |40| ) and its derivative 
d (^J-^i g±{y,k) 'ip{y)dyj /dk. We note from Lemma 5J that e Dotcl{QP^^). It then 

follows that = {PP~^'ip){x) = —id{P~^ip){x) / dx a.e. x, and \\m.x^±ao{P~^'^){x) = 
for P~V G Dom(P). Moreover P~V G i^(R^) since Dom((3) C L^(R^), which follows 
from/j^i \f{x)\dx < {f^, \l + \x\\-^dx j^, \l + \x\\'^\f{x)\'^dxy/'^ < oo, V/ £ Dom(Q). These 
properties enable us to derive 

e±'\^\'^y-^)^{y) dy+ I eT'l'=l(^-^V(y) 

a;,oo) J { — OQ,x\ 

= lim -ie^'\^\'^y'^\p-^iP){y)+i{p-^-<P){x)T\k\ I e^'\^\^y-''\p-^il^){y) dy 

- iiP-^tP){x) + lim ie=F»l'=lfe-^)(p-iV)(2/)± |fc| / e^^l'^K^"^) (P" ^2/ 
y^-°° J{-oo,x] 

= T\k\ f ^^e±»i'=ii''--i(p-V)(y)dy- (41) 
■/RI \y — ^\ 



Recalling the assumption ( |2Cl| ) which implies Jj |y(a;)|(ia; < oo, and (|2^), we can obtain from 
Fubini's theorem and the above result that 



2 Ji V^/ri ly - 2^ 

and thus 



■e 



9±{y,k) i^iy) dy 

Ri 



< i / \Vix)\dx / |(P-V)(2/)| |$±(fc)| , (43) 



Ri 



where $±(fc) are defined by (p6|). Then, from ( p7| ) and (^), we see that 

(^J^i g±{y,k) 'ip{'y)dy^ /fc is a square integrable function of fc, and is uniformly bounded 

on R^, \ {0}. We next examine the following derivative term which is well defined for all 
k e R^ \ {0} under the assumptions in the proposition: For fc > 0, 



d_ 
dk 



9±{y,k) ip{y)dy 

Ri 
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± 



R 



I 

1 2fc2 



R 



1 2k 



R 



1 2k 



2fc Ji V^Ri \y~^ 
1 



2k 



I VJRi 



y ^ e±''=l^-^l(p-»(y)dyj f±{x,k) dx 

±'''\v-^\^{y)dy] V{x) ip±{x,k) dx 



\y - x\e 



y ^ .±''=I?^-I(p-V)(y)dyl V{x) ^!£±^ dx 



2 Ji \Jri \y~x\ J dk 

In the first equality, (|2^), and -0 G 5(R^) have been used in exchanging the order of 
differentiation and integration, and in the second equality, (^) have been used at partial 
integrations. It then follows that 



^ j^^ g±{y,k) ip{y)dy 



< \ / \V{x)\dx / dy 



Ri 



$±(fc) 



\ / \V{x)\dx / \yU{y)\dy 



Ri 
JRi 



$±(fc) 



k 



+hd± \V{x)\dximn\ \i;{y)\dyk-\ / |(p-V)(y)My , 



Ri 



Ri 



for all k where (p3[), ([2 7| ), and Jj |y(a;)||x|(ix < oo have been used. The last relation follows 
from the assumption (EO) . One can have the similar inequality to the above for fc < 0. 

Therefore d J-^i g±{y, k) \j:(y)dy^ /dk has to be a square integrable function of k from (p7|), 

and is also seen to be uniformly bounded on Rj, \ {01. 

Let us now consider the second and third terms in (|4y) . Since the third term is essentially 
equivalent to the second, it suffices to examine the second term in (^). Then we will show 
that 



g±{y,k) V(2/) dy,e 



Ri 



< 



1^1' 



(44) 



where Ci is some positive constant which depends only on ip and the potential. The second 
term in (^0|), in particular its /c-integration over [0, oo), is written by using (^sh as 



JRi 

i 

^ 2t 
i 

~ 2t 



9±{y,k)t(;{y)dy e il;{k)dk 



lim 



dk k 



9±{y, k)ip{y)dy dk 



Ri 



lim e 

feio 



fe^oo k 



Ri 



g±{y,k)ij{y)dy 



9±{y,k)ip{y)dy 



Ri 
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ttk^ d'ip{k)/k 
dk 

uk^ipik) d 



9±{y,k)i}}{y)dy dk 



2t 



k dk 
dk 

,tk^$ik) d 



9±{y,k)ip{y)dy dk 



9±{y,k)ip{y)dy dk 



Ri 



k dk \7r 



g±{y,k)ip{y)dy dk 



(45) 



where 



lim 



itk' 



/ g±iy,k)iP{y)dy = and lime 

JRI /^iO 



Ri 



g±{y,k)'ip{y)dy = 



have been used in the last equaHty, following from (p^, (^), and the assumption ip € 
Dom(To) n 5(R^). Moreover it should be noticed that the partial integration used in the 
second equality is justified because both of the two fc-integrals in (^) have finite values. 
To see the latter, we note that ip/k and dip/dk, are square integrable for Lemma 5.1, and 
^ /j^i g-{y, k) ip{y)dy^ /k and d ^ J^i g-{y, k) ip{y)dy^ /dk are also square integrable func- 
tions of k, from the results obtained before. Therefore we see that the two integrals are 
bounded so that partial integration is well performed. These arguments are also applied to 
the fc-integration over (— cx),0], and we can obtain (|4^). 

We will next prove that the last term in the right-hand side of ( ^ ) satisfies 



g±{y,k) ip{y)dy,e 



-itk'' 



Ri 



g± 



{y,k) i^{y)dy) 



Ri 



< 



C2 
\t\ 



(46) 



where C2 is some positive constant which depends only on ip and the potential. In order to 
see this, we first estimate the following one. 



JR 



9±iy,k)ip{y)dy 



-itk' 



dk 



I 

2t 
i 



Ri 



g±{y,k) i^{y)dy 



1 de 



-itk^ 



k dk 



-dk 



lim 

k — *oo 



Ri 



g±{y,k) '4'iy)dy 



-itk^ 



lim 

feio 



Ri 



g±{y,k) ipiy)dy 



-itk'' 



I 

'2tJo 



Ri 



9± 



{y,k) ip{y)dy] 



d 

dk 



Ri 



9± 



{y,k) ip{y)dy] 



1 



Ri 



9±{y,k) ipiy)dy 



dk 



2Uo 



Ri 



g±{y-,k) 'ipiy)dy 



d 
dk 



g± 



RI 



iy,k) ip{y)dy] -Kc.c. 



1 



RI 



g±iy,k) ip{y)dy 



e"*^ dk 



(47) 



In the last equality, we have used that 
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lim 



'Ri 



9±iy,k) i^{y)dy 



lim 



9±{y,k) ip{y)dy 



-itk'' 



These follow from (^) and (p6|). We already know that (^J-^i g±{y, k) ^p{y)dy^ /k and 

d (^J^i g±{y, k) %l^{y)dy^ /dk are square integrable functions of k, and thus the integrand 

in ( ^ ) is integrable on R[. The same argument is also applicable to fc-integration over 
(—00,0] as in (47), and hence we obtain (46). By putting (^), (^J), and (|4^ ) together, we 
can finally derive (p4) and the proof has been completed. □ 



VI. CONCLUDING REMARKS 



We would first like to remember Theorem 3.4, rather than its slightly generalized form. 
Theorem B.3, because of its clarity for explanation. We have considered two one-dimensional 
systems, i.e. the free particle system with the free-Hamiltonian Hq and the repulsive- 
potential system with the Hamiltonian Hi, and examined the wave functions tp € L ^(R^) 
where autocorrelation functions decay faster than for both systems. Theorem 3.4 states 



that, under the conditions in the statement, such wave functions compose a dense subset 
of I/^{R^), denoted by C{Hq,2) n C(iJi,2). The denseness of this subset seems to imply 
that the faster than t~^-decay property of the autocorrelation function is persistent against 
the perturbation of potential. For example, the square-barrier-potential system is found 
to satisfy the conditions in the theorem. However these conditions are given in terms of 
the eigenfunctions of the Hamiltonian Hi, and thus our statement is not straightforward 
for the practical use. Reducing the conditions to explicitly that of the potential is a left 
problem, and needed to know how extensive the class of potential such that the faster than 
t~^-decay character remains persistent is. Furthermore our conditions is perhaps too strong 
and expected to be relaxed. 

Theorem 3.4 may be thought of as a statement independent of the time operator. However, 
from its derivation, we understand that the existence of the Aharonov-Bohm time operator 
To or Dom('7^) guarantees the denseness of C(Fo,2) n C(ffi,2) in L'^{R'^). Theorem |3l 
can be regarded as a remarkable sign of the existence of the connection between the time 
operator and the quantum dynamics. 
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APPENDIX: EIGENFUNCTIONS FOR THE SQUARE BARRIER POTENTIAL 

SYSTEM 



In this section, we show tha t eig enfunctions for the square barrier potential system satisfy 



the conditions in Proposition 3.1 

(IT 



I.e. 



(111), (H), and (H). We here focus on ip-{x,k) in 

, however, the same argument is applicable to ip+{x,k). One can see that ip^{x,k) for 
> is the stationary solution for the case where a particle approaches from the left of the 
barrier and is reflected or transmitted (see, e.g. Ref. 29 ). We define fco :— VVoi and the 
support of V{x) as I [—a/2, a/2] for convenience. It follows from ( |37| ) and ( |39| ) that for 
A: > fco 
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[x < -a/2) 
{-a/2 <x< a/2) 
(a/2 < x), 



(Al) 



where A :— (27r)^^/^ and k ^Jk"^ — Vq. Each cocfBcient is detcrmmcd by the property 
stated just before that ip-{x,k) belongs to C^(R^) for each k e \ {0} fixed. For 
X €l and k > ko we have 



C(fc) 
Dik) 



k 



2k, 

K — k 

2k 



,i(fc+K)a/2 



F(fc), 



(A2) 



i^(fc) = cos 



2kK 



■ sm Kfl 



— ike 



A. 



In the case fcp > fc > 0, one obt ain the corresponding equations, through replacing in with 
p VVo — fc^ in (Al) and (AS). At fc = fcp, we also have 

V3_(a;,fco) = (ifcoa; + 1 - ikoa/2)e'''°''^^ F{ko) 

for all x e I where F(ko) = (1 - ifcoa/2)-ie~*'="''A. Then one can check that ip-{x,k) is 
continuous and difFerentiable in fc S (0,oo), and ip-{x,-) G C^R^ \ |0|), for each fixed 
X £ I. For fc < 0, one can substitute -x for x, and -k for k, in ( |Al|) and (A2) respectively. 
As long as the conditions (^l|), (22), and (23) are concerned, it suffices to examine (p-{x, fc) 
for all x Gl. It is noted that for any positive k { ^ kg ), |i^(fc)| < A. Then we have 



|^_(a;,fc)|^ 



< 



cos[k(x — a/2)] + i— sin[K(x — a/2)] 

K 



e''"'^^F{k) 



cos[K(a; — a/2)] + i 



. f ^/k — ko 



\Jk + fco K 



— ) sin[K(a; ~ a/2)] 



\F{k)f 



2 + fco|a;-a/2|nF(fc)|^ 



< |2 + fcoa|'A2 , 
for every a; £ I and k> k^. When fco > fc > 0, we have 



(A3) 



\if-(xM' 



< 
< 



cosh[/9(a; — a/2)] + i— sinh[/9(a; — a/2)] 
P 



ika/2 



cosh[/9(a; — a/2)] — i 



Vko — fc fco 
y/ko + fc p 



sinh[p(a: — a/2)] 



\m\' 



cosh(fcoa) + sinh(fcoa) + fco|a:^ — a/2| 



sinh(fcoa) 



cosh(fcoa) + 2 sinh(fcoa)|^ A^ , 



fco a 



\m\' 



(A4) 



for every a; G I. As in the same way in the above, one can have a similar result for fc < 0. 
Thus ip-{x, fc) is bounded on I x R^ \ {0} and satisfies (^l|), i.e. 



sup \(p-{x, k)\ < CO. 
xei.keRl\{o} 



In order to verify the condition (22), we should note that 

-1 



hm^ 

fejo fc 



A [ i-^ sinh fcpa 



and 



lim^ 

fc— ►oo fc 







(A5) 



and thus supo<j,^_j2o |-F'(fc)|/Jfc| < oo, because F{k) is continuous in R^ \ {0}. It follows, from 
this result and (|A^) and (A4), that (p-{x,k) satisfies (|2^). 
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Let us next consider the derivative of ip^{x,k) with respect to k. When k > ko, it is 
difFerentiable at k for each fixed x £l, and we have 



dip-{x, k) 
dk 



in which 



= e*'='^/2^(fc)^ ( cos[k(x - a/2)] + i- sinkfx - a/2)] 
ak \ K 

de''"'^^F{k) 



dk 



cos[k(x — a/2)] + i— sin[K(x — a/2)] 



d ( k 
— ( cos[k(x — a/2)] + i— sinf/tfa; — a/2)] 
ok \ K 

k 

= —{x — a/2)— sin[K(a; — a/2)] + i 

K 

+i{x — a/2)— cos[k{x — a/2)] 



sin[K(a; — a/2)] 



(A6) 



and 



= — —a— sm na — i — sm na — ia — cos na 

ok V 2k^n'^ 2k.^ 



As for the first term in (A6), it foUows that 

,ika/2p,j^~.d / _ ,2)1 + sink(x - a/2)] 

ok \ K ^ 

< ]F{k)] []x - a/2]{l + ko]x - a/2]) + ]x - a/2] + 2]x - a/2| + Ch]x - a/2|3] 

< (4 + koa + Cha^)aA 

for aU a; G I and k > ko, and also for the second term in ( |A6[ ), 

de''"'/^F(k) 



dk 



cos[k(x — a/2)] + i— sin[K(a; — a/2)] 

K 

< ]2 + ko]x-a/2] I [{a{l + koa) + 5a + a^VaCh/2) ]F^{k)]A-^ + {a/2)]F{k)]] 

< (2 + koa) [13/2 + koa + a^VoCh/2\ aA 

for all X e I and k > ko- Here we have used the facts 

k 



■ sin[K(x — a/2)] 



< 1 + ko]x - a/2] 



for every k > ko, and ■— sup^^g where h{x) :~ (sina; — 2:cosa:)/a;'^. It should be 

noted that Ch < oo, because lima;^o h{x) = ^, lim2:-^oo h{x) = and h{x) is continuous at 
each a; > 0. Hence it can be seen, from the above results, that dtp^{x, k)/dk is bounded on 
I X (fco, oo). If fco > /c > 0, </?-(x, k) is differentiable with respect to k for each fixed a; e I 
and we have 



^^4^ = e'^"/2^(fc)|- ( cosh[p(x - a/2)] + i- sinh[p(x - a/2)] 
Ok ok \ p 

de''"'/^F{k) 



dk 



coshfpfx — a/2)] + i— sinh[p(x — a/2)] , 
P 



(A7) 



where 
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d 

— ( cosh[p(a; — a/2)] + i— smh[p{x — a/2)] 



dk 



k 



1 



= -{x - a/2)-&i-ah[p{x - a/2)] + - + —] sinh[p(a; - a/2)] 
— i(a; — a/2)— coshfpfx — a/2)] 



and 



de''"'/^F{k) 
dk 



a— Sinn pa — i smn pa + ia- 

p zk'^p-^ 



2p2 



■ cosh pa 



Concerning the first term in the right-hand side of < \AT\ ), we obtain, for ko > k > 

^^ka/2p,^.d ( coshfprx - a/2)] + I- &mh.\p{x - a/2)]\ 
ok \ p J 

sinh(fco|a; — a/2|) 



+ (\x - a/2|3l/oC/ + 



2\x - a/2\ sinh(fco|a; - a/2|) + 

sinh(A;o|2^ — '^/2|) 
fco 



< 



a (2 sinh(fcoa) + cosh(A;oa) + Voa^C;) + 2 



fco 

+ |a; — a/2| cosh(fco|a; — a/2|) 
sinh(fcoa) 



fco 



A 



for aU a; G I, and also for the second term in (A7) 



cosh[p(a; — a/2)] + i— sinh[p(a:: — a/2)] 
P 



de^^<'/'^F{k) 



dk 



< (cosh(fco|a; - a/2|) + 2 sinh(fco|a; - a/2|)) 



+VQa^Ci + fco 



sinh(fcoa) 
2fc2~~ 



a sinh(fcoa) 



sinh(fcoa) 



\F{k)\^A-' + {a/2)\F{k)\ 



< (cosh(fcoa) + 2sinh(fcoa)) 



-|-fco sinh(fcoa)(2yl) ^ sup 

0<fe<fco 



a sinh(fcoa 
|F(fc)|2 



sinh(fcQa) 



fco 



Voa^Ci A 



ia/2)A 



Here we have used the fact that (sinh x) jx is a nionotonicaUy increasing function of x for 
a; > and an inequaUty 



■ sinh[p(a; — a/2)] 



< 2sinh(fco|a; - a/2|) 



Furthermore, we have defined C; := supo<j.<j,gj, Z(a;), where l(x) := (sinha; — xcoshx)/x^. 
Then C/ < oo because of the relation limj.|o — — ^ and t he c ontinuity of l{x) on (0, oo). 
Thus, dLp-{x^k) / dk has to be bounded on I x (0, fco). See ([A5|). Hence we have obtained 
that if- (x, fc) is differentiable in Rj. \ {0} of fc and its derivative with respect to fc is bounded 
on I X (0, oo). A similar result can be also obtained for I x (— oo, 0), and thus we have finally 
shown (|23), i.e. 



sup 

a;eI,fceRi\{0} 



dip-{x, fc) 



dk 



< oo 
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